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Misa Nakanishi ∗
1 Notation and property
In this paper, a graph G :“ pV,Eq is finite, undirected and simple with
the vertex set V and edge set E. We follow [1] for basic notation. For a
vertex v P V pGq, the open neighborhood is denoted by NGpvq and the closed
neighborhood is denoted by NGrvs, also for a set W Ď V pGq, NGpW q :“Ť
vPW NGpvq and NGrW s :“
Ť
vPW NGrvs.
Proposition A ([2]). Every bridgeless cubic graph has a perfect matching.
In a cubic graph, the complement of a perfect matching is always a
2-factor. In addition, every hamiltonian cubic graph is bridgeless.
2 Hamiltonian cubic graphs
HC : Input a bridgeless cubic graph G.
(1) For a perfect matching M of G, let F :“ G ´M . Note that F is a
2-factor of G.
(2) Let M 1 ĎM be a maximal subset of M such that for every m PM 1, each
end of m belongs to a distinct cycle of F . Let M2 :“MzM 1. Let J :“ G.
(3) If DC return H then go to (7).
(4) Otherwise, detect cycles C :“ K 1 by DC from G. Let MpCq :“
M X EpCq and F pCq :“ EpCqzMpCq. Let F :“ F ´ F pCq ` MpCq. If
F is a hamilton cycle then go to (7).
(5) For M :“ EpGqzEpF q, redefine M 1 and M2 as (2). Let J :“ G.
(6) Repeat (4) - (5) at most |V pGq| times.
(7) Return F .
DC : Input F,M 1,M2 and J .
(1) For m PM 1 YM2, let V pmq be the set of two ends of m.
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(2) Repeat (1).
(3) For m P M 1 Y M2, and v1, v2 P V pmq, if NJpv1qztv2u “ H then let
M 1 :“M 1ztmu and M2 :“M2ztmu. Let J :“ J ´ tv1, v2u.
(4) Repeat (3).
(5) For m P M 1 YM2 and v1, v2 P V pmq, if dJpv1q “ 3 and v1 is an end
of marked edges then for w P NJpv1qztv2u such that v1w is not maked, let
J :“ J ´ v1w.
(6) Repeat (3) - (5).
(7) For m P M 1 Y M2 and v1, v2 P V pmq, if dJpv1q “ 2 then for w P
NJpv1qztv2u, mark v1w.
(8) Repeat (3) - (7).
(9) For m P M 1 and v1, v2 P V pmq, if dJpv1q “ 3 and v1 is not an end of
marked edges then for w1, w2 P NJpv1qztv2u, if w1 P V pm1q for some m1 PM 1
and w2 P V pm2q for some m2 PM2 then mark v1w1 and let J :“ J ´ v1w2.
(10) Repeat (3) - (9).
(11) For m P M 1 and v1, v2 P V pmq, if dJpv1q “ 3 and v1 is not an
end of marked edges then for w1, w2 P NJpv1qztv2u, mark v1w1 and let
J :“ J ´ v1w2, or mark v1w2 and let J :“ J ´ v1w1.
(12) Repeat (3) - (11).
(13) If a graph K :“ J contains the union of minimal number of vertex dis-
joint cycles K 1 Ď K such that F YK 1 has minimal number of components
then return K 1, otherwise return H.
(˚) In DC, m PM 1 YM2 is stacked.
Let G be a bridgeless cubic graph. Let HCpGq be a 2-factor constructed
by applying HC to G. Note that HCpGq is not unique.
Fact 2.1. If G is hamiltonian then DC in HC (4) returns K 1 ‰ H, and
HC returns a hamilton cycle F .
Proof. Suppose that G has a hamilton cycle H and a 2-factor F of G is not
a hamilton cycle. Then all edges of pEpHqzEpF qqYpEpF qzEpHqq and their
ends form the union of vertex disjoint cycles K2 and F YK2 is connected.
Note that EpHqzEpF q Ď M . Also note that every f P EpF qzEpHq is an
edge between two ends of two edges of EpHqzEpF q. By the definition of
K, H ‰ K 1 Ď K in DC (13). Otherwise K 1 “ H, it is not possible. For
Fn :“ F led after n times of DC in HC (4) and 0 ď n ď |V pGq| ´ 1, let
cn be the number of cycles in Fn. Then, by DC (9), cn ą cn`1. Therefore,
HC returns a hamilton cycle H.
Theorem 2.1. G is hamiltonian if and only if HCpGq is a hamilton cycle.
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Proof. Let G be hamiltonian. By the construction scheme HC and Fact
2.1, the sufficiency holds. The necessity is obvious from the statement.
Proposition 2.1. All steps of HC (including DC) are computed in poly-
nomial time.
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